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Singular behaviors are increasingly being found in structures supporting bound states in the continuum
(BICs), while the nonreciprocity with spectral phase singularity has not been reported. Here, we
demonstrate the origin, evolution, and application of topological phase singularity pairs (TPSPs) resulting
from BICs in nonreciprocal and non-Hermitian systems. The nonreciprocity contributes to creating
accidental BICs asymmetrically, each of which can split into TPSP with topological charges �1 in
reflection phases by inserting loss. The formation, annihilation, and revival processes of these TPSPs can
be selectively controlled via either material or radiative loss. The criteria to predict both number and
angular positions of asymmetric BICs are established. Near-complete violation of Kirchhoff’s law of
thermal radiation has been correspondingly manifested over a wide angular range. The unveiled physics
synergizing nonreciprocity and topology will bring new opportunities in multidisciplinary areas like
thermal science, magneto-optics, or topological metasurfaces.
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Singularity is a unique phenomenon where the exact
property of the system is ill defined. Various systems
exhibit a nontrivial singular nature like black holes,
tornados, moire patterns [1], etc. In optics, singularities
are seen in phase, polarization, and intensity [2]. For
example, phase singularity has been well studied in vortex
beams carrying orbital angular momentum [3], where light
intensity reaches zero with a singular phase in spatial space.
Less attention has been paid to spectral phase singularities
[4–8], which also leads to many important applications in
high-precise sensing [5,6], unidirectional laser [7], and
phase modulation [9], etc.
Recently, singular behaviors have been discovered in

systems possessing bound states in the continuum (BICs)
[10]. These localized states lie inside the radiation con-
tinuum but have infinity lifetimes [11,12], offering a
versatile platform to shape light-matter interaction and
renovate various technologies [13–16]. Especially, optical
singularities with nonzero topological charges play essen-
tial roles in such systems. Many efforts have been dedicated
to BIC-driven polarization singularities in momentum
space [17–20], enabling topologically protected polariza-
tion control. The momentum-space polarization responses
have been extended to generate singular phases in far-field
regions [21], leading to the generation of vortex beams [22]
or ultrafast vortex microlasers [13]. However, controlling
phase singularities in a spectral space has seldom been
discussed. More recently, Sakotic et al. [23] studied
topological behaviors in planar structures composed of
epsilon-near-zero (ENZ) or epsilon-near-pole materials
[24,25]. Interestingly, non-Hermitian parameters such as

loss or gain can separate BICs into pairs of vortices with
nonzero topological charges of opposite signs. Although
charge conservation has been studied, the in-depth under-
standing of evolution trajectory of these singularities
remains elusive. Besides, the reported formation of phase
singularities is always symmetric, locking up exciting
phenomena and applications rooted in asymmetry and
restricting dynamic tuning ability. It would be of great
value to investigate and engineer the asymmetry in the
spectral and angular behaviors, as well as even quantitative
features of asymmetric phase singularities and BICs.
On the other hand, the electromagnetic nonreciprocity

[26,27] underpins many physical phenomena and extensive
technologies. Especially for magneto-optics, one of the
main goals in such systems is to realize highly asymmetric
wave control, which relies on either high-Q resonances or
strong external stimulus [28–31]. Therefore, blending
nonreciprocity with high-Q BIC properties should be
mutually beneficial, which will certainly spawn a series
of new phenomena (e.g., Faraday intensity effect [32]) and
facilitate the development of high-efficiency nonreciprocal
devices. However, the intriguing physics and consequences
of the interplay between them remain unexplored.
Here, by taking advantage of magneto-optical (MO)

effects, we explore the formation mechanism of asymmet-
ric topological phase singularity pairs (TPSPs) in reflective
systems and unveil their nonreciprocal and topological
features. The asymmetric formation, annihilation, and
revival processes of loss-induced TPSPs from BICs have
been investigated, whose spectral and angular locations can
be selectively tuned by material loss and ENZ-layer
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thickness. The evolution trajectories of these TPSPs are
explicitly dependent on corresponding dispersion relations.
Then, the criteria to predict number and asymmetric angles
of BICs are also established. The global charge conserva-
tion governs the whole evolution, and the sum of topo-
logical charges equals zero. Finally, we employ these
inspiring behaviors to design nonreciprocal thermal emit-
ters beyond Kirchhoff’s law of thermal radiation.
The basic structure consists of a MO ENZ layer, a

dielectric interlayer, and a PEC mirror [Fig. 1(a)]. The
natural n-InAs material [33], possessing both MO and ENZ
responses in the midinfrared region, is employed, which
can be replaced by others like InSb [33], Weyl semimetals
[34,35], or metamaterials [36,37]. When an external mag-
netic fieldB is applied along the z direction, its permittivity
tensor shows as ¯̄ε ¼ ½εxx; εxy; 0; εyx; εyy; 0; 0; 0; εzz�; where

εxx ¼ εyy ¼ ε∞ −ω2
pðωþ iΓÞ=fω½ðωþ iΓÞ2 −ω2

c�g, εxy ¼
−εyx ¼ iω2

pωc=fω½ðωþ iΓÞ2 − ω2
c�g and εzz ¼ ε∞ − ω2

p=½
ωðωþ iΓÞ�. In addition, ε∞ ¼ 12.37 is the high-frequency
permittivity. The ωp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nee2=ðm�ε0Þ
p

and ωc ¼ eB=m�

are plasma and cyclotron frequencies (m� ¼ 0.033me,me is
the electron mass). The reciprocity could be broken under
TM polarization when B ≠ 0. Importantly, Γ ¼ e=ðm�μÞ is
related to optical loss, which can be controlled by
electron mobility μ in experiments [38,39]. Here, we
assume a doping concentration ne ¼ 7.8 × 1017 cm−3
[31]. Generally, the value of η ¼ jεxyj=jεxxj measures
MO strength, thereby one can expect η → ∞ since there
is εxx → 0 at the ENZ frequency ωENZ. Without losing
generality, we use the normalized frequency ω=ωENZ in the
following, despite slight changes of ωENZ with the B
(Fig. S1) [40].
To show the origin of TPSPs, we begin with a simple

case without the dielectric spacer. Such a single-layer
structure supports radiative Berreman modes governed
by [40]

tanðκeteÞ ¼
εxxκe · γ

εxxk2 − β2 þ iεxyβ · γ
; ð1Þ

where κe ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2ðεxx þ ε2xy=εxxÞ − β2
q

and γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

β2 − k2
p

(k ¼ ω=c, c is the light speed in vacuum). Within the light
cone, β ¼ ½βx; βz� ¼ ½k sin θ cosϕ; k sin θ sinϕ� is the
propagation constant, where θ and ϕ are incident angles
respect to the y and x directions [Fig. 1(a)]. The eigenm-
odes of Eq. (1) can be analyzed in complex frequency
(ω̄ ¼ ωþ iωi) [60]. We first focus on reciprocal cases to
build connections between BICs and TPSPs. In the lossless
limit, the zero and pole of dispersion in ωi − β space touch
on the real-frequency axis (ωi ¼ 0), forming a symmetry-
protected BIC [23,40] at ðωENZ; β ¼ 0Þ [Figs. 1(b)–1(c),
left]. When the loss is introduced (Γ > 0), the dispersion
surface will translate down along the imaginary frequency
axis, thus yielding a ring of real-frequency zeros [Fig. 1(b),
right]. For a 2D space like ω̄ − βxðϕ ¼ 0Þ plane mainly
discussed here, one can obtain two real-frequency zero
points. Such zero points in dispersion predict reflection
zeros (jrj2 ¼ 0) [25,45] associated with singular phases in
one-port systems, where the reflection coefficients r can be
calculated by scattering matrix S ¼ ½r� (r ¼ jrjeiφr , φr is
the reflection phase).
However, the loss-induced singular phases behave

diversely in the presence of B owing to asymmetric
dispersion in Fig. 1(c). The BIC still locates at θ ¼ 0°
having an infinite Q factor [Fig. 1(d), top] and a diverging
phase point [Fig. 1(e), left]. But the two phase singularities
are asymmetrically rotated around the central BIC in the
presence of loss. By tracing an anticlockwise closed loop C
around a singularity in ω − θ space [Fig. 1(e), right], a total
accumulated phase of �2π can be obtained, indicating
integer topological charges ν ¼ ð1=2πÞ HC dφr ¼ �1 [23].

FIG. 1. Generation of TPSPs and nonreciprocal tuning mech-
anisms. (a) Sketch of the planar structure, illuminated by TM
waves ðEx; ky; HzÞ. (b) Compared dispersion surfaces of ωi − β
for lossless (left) and lossy (right) cases without B. (c) Shaping
the angular and spectral distributions of TPSPs via loss (Γ,
middle) and thickness (te, right) of the ENZ layer inω − θ spaces.
The BICs and TPSPs are denoted by the blue “×” and colored
circles (or triangles). The gray (red) arrows show the moving
directions when increasing (decreasing) the value of Γ (te). The
leftmost plot shows dispersion curves with or without B. (d) Q
factors for the case at B ¼ 0.3 T and te ¼ 0.5 μm. The bottom
inset shows charge conservation between BIC and TPSP.
(e) Phase diagrams φr and vector flows of r when Γ ¼ 0 (left)
and Γ ¼ 5 × 1010 rad=s (right). Results in (b)–(e) are analyzed
without the dielectric spacer.
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The bottom inset in Fig. 1(d) illustrates the charge con-
versation between BIC (ν ¼ 0) and TPSPs. Here, two loss
tuning methods are proposed to precisely control the
distributions of these asymmetric TPSPs. One feasible
way is to modify material loss in the ENZ layer, where
the angular and spectral distance of TPSP will be length-
ened along the initial dispersion for a large Γ [Fig. 1(c),
middle]. Besides, reducing the upper layer thickness helps
to strengthen the radiative loss, where the TPSPs keep pace
with rotated dispersion curves around the BIC [Fig. 1(c)),
right]. The detailed evolution of TPSP from 0° BIC is given
in the Supplemental Material, Note 3 [40]. Notably, two
opposite phase singularities from the same BIC will be
present until meeting another opposite one.
Then, we activate the dielectric spacer and set its

permittivity as εd ¼ 2 unless otherwise stated. The dielec-
tric spacer supports Fabry-Perot (FP) resonances under
certain conditions, overlapping with Berreman modes off
θ ¼ 0° thus creating accidental BICs [25,45]. For nonre-
ciprocal cases, how those accidental BICs are formed and
located is not known yet. The governed dispersion of
guided modes changes to

tanðκeteÞ ¼
εxyβ − i½γðε2xx þ ε2xyÞ þ εxxκe ·M�

−εxyβ ·Mþ i½γðε2xx þ ε2xyÞ ·M − εxxκe�
: ð2Þ

We introduce a parameterM that evaluates the roles of both
dielectric layer and MO effect by

M ¼ −i εxyβ
εxxκe

− ε2xx þ ε2xy
εxxκe

κd
εd

tanðκdtdÞ; ð3Þ

where κd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

εdk2 − β2
p

. We find that the roots of M at
ωENZ correspond to the poles of Eq. (2) for εxx → 0. The
overlapping of roots and poles predict the generation of
BICs [61]. We assume td ¼ ðLn=2ÞðλENZ= ffiffiffiffiffi

εd
p Þ (Ln ∈ R�,

λENZ ¼ 2πc=ωENZ), then the solutions of M ¼ 0 lead
to [40]

LnðθÞ ¼
1
π · arctanð εd

iεxy
· sin θ

ffiffiffiffiffiffiffiffiffiffiffiffiffi

εd−sin2θ
p Þ þ n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðεd − sin2θÞ=εd
p ; n ¼ 0; 1; 2…

ð4Þ
The MO effects and FP resonances are encoded in Eq. (4)
evaluated at angles where BICs occur. It is obvious that
Lnðθ; nÞ ≠ Lnð−θ; nÞ, indicating a series of asymme-
tric BICs and TPSPs. Without B, the Eq. (4) reduces
to Ln ¼ ½ð2nþ 1Þ=2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

εd=ðεd − sin2θÞ
p

, agreeing with
the general FP conditions of td ¼ ½ð2nþ 1Þ=4�ðλENZ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

εd − sin2θ
p

Þ [23,40].
Next, we unveil the diverse evolution behaviors of

several TPSPs from different BICs. Figure 2(a) shows
the trajectory of TPSPs changing with the material loss
(triangles) and ENZ-layer thickness (circles) at B ¼ 0.3 T
and Ln ¼ 1.75. There are three asymmetric BICs

(blue “×”) located at −53°, 11° and 37° (see infinite Q
factors in the inset). For a given te ¼ 0.5 μm, initially, three
coupled TPSPs emerge at a small loss near the BICs
[Fig. 2(b)]. When the Γ is increasingly added, the TPSPs
from −53°-BIC keep walking along the left branch of
dispersion (orange line). Differently, the two right neigh-
boring phase singularities will be gradually closer to each
other until encountering and mutually annihilating (1st gray
pentagram) for a larger loss [Fig. 2(c)]. At a fixed
Γ ¼ 5 × 1010 rad=s, further decreasing te helps to modify
dispersion curves and evolution directions of TPSPs (red
arrows), leading to the 2nd annihilation of the other two
adjacent singularities [Fig. 2(d)]. The annihilation order is
determined by both dispersion profiles and Q factor of
TPSPs [40]. In contrast, the vanished charges can also be

FIG. 2. Evolution of asymmetric TPSPs when changing the ENZ
layer’s thickness and loss. (a) Trajectories ofTPSPs from threeBICs
(blue “×”). Three dashed lines are dispersion curves for different te:
0:15 μm (purple), 0:5 μm (orange), and 2 μm (yellow). The gray
(red) arrows show the moving directions of TPSPs marked in
colored triangles (circles) when increasing (decreasing) the value of
Γ (te), at a fixed te ¼ 0.5 μm (Γ ¼ 5 × 1010 rad=s). The inset gives
Q factors at te ¼ 0.5 μm. (b) A typical case supporting three
coupled TPSPs at te ¼ 0.5 μm and Γ ¼ 5 × 109 rad=s. Two
sequential annihilation processes when (c) increasing the Γ to 5 ×
1010 rad=s and (d) further reducing the thickness to te ¼ 0.1 μm.
(e) Charges revival at a large thickness te ¼ 2 μm. All data are
analyzed at B ¼ 0.3 T and Ln ¼ 1.75.
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revived using a thick ENZ layer [Fig. 2(e), green penta-
gram] [62]. The formation and annihilation of two TPSPs
are symmetric in the absence of B.
As revealed above, the BICs give rise to loss-induced

TPSPs and work as their starting points in reflection phase
spectra. According to Eq. (4), the locations and total
numbers of BICs can be explicitly determined by
td ∼ Ln. The magnitude of B, dielectric permittivity εd
and integer order n play critical roles in shaping the profile
of Lnðθ;B; n; εdÞ. For a given dielectric spacer (εd ¼ 2),
the distribution of BICs shows a flower-like pattern
[Fig. 3(a)]. The full blue lines in Fig. 3(a) denote angular
positions of BICs at B ¼ 0.3 T projected in Ln − θ space
[Fig. 3(b), left], which are gradually asymptotic to the
symmetric results (black lines) at large angles. The amount
of BICs for different Ln can be determined by boundary
conditions and is marked in individual regions. Table S1 in
the Supplemental Material gives specific criteria to predict
the number of BICs and corresponding located angular
range. There are two critical boundaries: one is Lnð�90°Þ
working as light lines where BICs will disappear for
jθj > 90°, and the other is minðLnÞ regarded as “birth lines”
for creating new BICs [40]. For example, in Fig. 3(b) (left),
the case of Ln ¼ 1.75 (red dashed line) lies within the range
of minðL2Þ < Ln < L1ð−90°Þ, creating three BICs (blue
“×”) in Fig. 2. On the other hand, the permittivity of the
dielectric spacer is also essential in shaping flowerlike
patterns. The intersection lines of the gray planes (P1;2)
denote the BICs inB − θ space for a given tdðLnÞ. Movie S1
in the Supplemental Material [40] shows the dynamic
process of BICs’ locations by increasing εd, where the
intersecting lines for different n gradually shift toLnð�90°Þ.
In Fig. 3(c), for example, five asymmetric BICs appearwhen
choosing an airlike spacer (Fig. S6 [40]).Notably, for a small
Ln like case P2, there is only one off-0° BIC whose position
can be tuned via eitherB or εd, different from the symmetry-
protected BIC pinned at θ ¼ 0° subject to reciprocity. The
role of substrate in redistributing BICs and TPSPs is
discussed in the Supplemental Material [40].
Last but not least, we employ TPSPs to engineer

nonreciprocal thermal radiation since phase singularities

also manifest as topologically protected perfect absorption
[63]. Nonreciprocal thermal radiation is an emerging state-
of-art area to break Kirchhoff’s law of thermal radiation.
This classical law indicates the equality of emissivity
eðω; θÞ and absorptivity αðω; θÞ with an intrinsic loss
[64,65], which is not required by thermodynamic laws
but rather originates from Lorentz reciprocity [66,67]. So, it
can be violated by designing nonreciprocal thermal emitters
composed of, i.e., MO materials, providing new possibil-
ities to shape emission and absorption separately and open
up exciting frontiers for next-generation energy devices
like time-asymmetric photovoltaics [68], thermophoto-
voltaic [69], and radiative cooling [70]. Nevertheless,
few thermal emitters can completely violate Kirchhoff’s
law (je − αj → 1) [31,41,50–54,71,72]. Fan’s group has
done several seminal works [31,41,50,71], but almost all of
them depend on asymmetric coupling with gratings. Then,
the large nonreciprocity can only be realized by peak shifts
[Fig. 4(a), middle], relying on either high-Q resonances or a
large B. Besides, coupling conditions only ensure perfect
emission peaks at specific angles, i.e., >60°. Therefore, to
flexibly engineer nonreciprocal thermal radiation is still an
open challenge.
The asymmetric TPSPs offer great possibilities in nonre-

ciprocal radiation control, where the absorptivity can be
spectrally suppressed with a perfect emissivity peak, as
exampled in Fig. 4(a). We adopt a fixed Γ ¼ 1.55 ×
1011 rad=s [31,41] for better comparison. Figure 4(b) gives
the results of α ¼ 1 − Rθ and e ¼ 1 − R−θ at B ¼ 0.3 T,
supporting four phase singularities (white circles). The
emission and absorption spectra are no longer symmetric,
and large nonreciprocity has been realized with jα − ej ≈ 1
over a wide angular range. An asymmetric angular pattern
at singular ωA is exampled in Fig. 4(b) (right). Further, we
show topological robustness of TPSPs-induced nonrecip-
rocal radiation. The structures containing two singularities
from an off-0° BIC are considered (Fig. S8 [40]). In
Figs. 4(c)–4(d), the working angle of nonreciprocal absorp-
tion can be continuously tuned via the geometric parameter
at a small B ¼ 0.1 T, as long as the topological feature
is not changed. Besides, our asymmetric TPSPs-based

FIG. 3. Number and position selection criteria for asymmetric BICs. (a) Blooming flower patterns for predicting the angles θ and
number of BICs when εd ¼ 2. (b) Projection of Ln − θ plane for typical cases: εd ¼ 2, B ¼ 0.3 T (left) and εd ¼ 1, B ¼ 0.2 T (right).
The number of BICs is marked in each shaded region. (c) Influence of εd in angular distributions of BICs inB − θ space. The red dashed
lines in (b)–(c) denote a typical case at Ln ¼ 1.75, where the BICs are marked with “×.”

PHYSICAL REVIEW LETTERS 127, 266101 (2021)

266101-4



nonreciprocal thermal emitters can also be achieved using
Weyl semimetals with intrinsic magnetism [40].
In conclusion, we have demonstrated the deterministic

generation, dispersion-guided evolution of loss-induced
TPSPs with �1 topological charges in nonreciprocal sys-
tems. The annihilation and revival of these TPSPs can be
asymmetrically engineered by modifying the system loss.
We propose explicit criteria to evaluate and predict the
existence and number of asymmetric BICs and TPSPs
determined by geometric andmaterial parameters.We apply
our discoveries specifically in the application of nonrecip-
rocal thermal emitters. The combined merits of nonreci-
procity and topology shed new light on high-efficiency
devices, like unidirectional waveguides, nonreciprocal
light-harvesting devices, topological metasurfaces, etc.
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